In the lattice work by Miller [1, 2] and in the work by Zwanziger [3] a linear growth of the trace anomaly for high temperatures was found. We show that within an analytical approach to Yang-Mills thermodynamics this linear rise is predicted and is in approximate agreement with [1, 2, 3] .
Introduction:
In the lattice simulations of Refs. [1, 2, 4] it was found that the trace of the stress-energy tensor θ µµ ≡ ρ − 3p of pure SU (2) and SU(3) Yang-Mills thermodynamics in the deconfining phase grows linearly with temperature T for T 2 T c where T c denotes the phase boundary, and ρ, p are the energy density and the pressure, respectively. As emphasized in [1] , this result puts strong constraints on models aiming at describing these Yang-Mills theories at finite T .
While models [5, 6, 7] predict that, in accord with asymptotic freedom [8] , the interaction measure ∆ = ρ−3p T 4 vanishes for T → ∞, there is no general agreement on how fast ∆ approaches zero. Namely, the quantity ρ − 3p itself should vanish for T → ∞ in fixed-order perturbation theory. This, however, is not in agreement with the above-quoted lattice results.
In this Letter we show that within the analytical approach to Yang-Mills thermodynamics of Ref. [9] linear growth of ρ − 3p is predicted with slopes compatible with lattice results. This property is a consequence of the presence of a thermal ground state which is composed of interacting (anti)calorons of nontrivial holonomy and topological charge modulus |Q| = 1. From a phenomenological perspective the ground-state contribution to ρ behaves like a temperature dependent bag constant, see for example [5] .
The ground-state contribution to the pressure p gs is negative (like the bag pressure is) and dominates when T ց T c . Lattice simulations of p do not agree on this point. Namely, within the differential method, close to T c negative pressure is predicted [10] while the integral method [11] is designed to generate positive pressure. In the present report we investigate θ µµ only for T 1.5 T c .
In Ref. [3] a linear growth of θ µµ was obtained based on the suppression of the infrared modes by invoking a modified dispersion relation of Gribov type. The latter circumvents the well-known problems inherent in a perturbative treatment [12] . In the alternative approach of [9, 13, 14, 15] the stability of the infrared sector is guaranteed by the existence of an adjoint scalar field φ which takes into account nontrivial-topology fluctuations. Remarkably, this approach predicts the slopes α in θ µµ = αT once the Yang-Mills scale Λ (or alternatively T c ) is fixed.
The present analysis is not intended to discuss phenomenological fits to lattice curves (for work in that respect see [5, 7, 6] and the review [16] ). Rather, our goal is to show that the (asymptotically) linear growth of θ µµ is related to the presence of a nontrivial ground-state [9, 13] .
The Letter is organized as follows: First we briefly review the approach of Ref. [9] and list expressions for ρ and p in the SU(2) case. Subsequently, we show numerically and analytically that within this approach θ µµ = αT for T ≫ T c and compare α with the results of [1, 2, 3] . We then discuss the SU(3) case and give our conclusions.
The SU(2) case: In Ref. [9] an adjoint scalar field φ is derived which, upon spatial coarse graining, describes the dynamics of nontrivial, BPS-saturated topological configurations [17, 18] giving rise to an energy density and pressure of the thermal ground state. The field φ acts as a background to the dynamics of topologically trivial fluctuations.
2π T exhibits a dependence on T and on Λ. The corresponding potential is V (|φ| 2 ) = Λ 6 /|φ| 2 [9, 13] . In unitary gauge the effective Lagrangian describing a thermalized, pure SU(2) Yang-Mills system reads:
where e = e(T ) denotes the temperature dependent effective gauge coupling (see below) which enters both into the effective field strength G a,µν E and into the mass m for the fields a 1,2 µ . One has
From the effective Lagrangian (1) one derives, on the one-loop level (accurate to about 0.1% [15, 19] ), the energy density ρ and the pressure p as
where ρ 1,2 denotes the sum over the two massive modes. Explicitly we have:
Let us now rewrite the system in terms of dimensionless quantities:
where the function a = a(λ) is introduced for later use. In dependence of the dimensionless temperature λ the dimensionless energy densityρ and pressurep read:
By virtue of the Legendre transformation ρ = T dP dT − P ⇐⇒ ρ = λ dp dλ + 3p (9) the evolution equation for a = a(λ) follows: There exits a low-temperature attractor to the evolution described by Eq. (10) with a logarithmic pole at the critical temperature λ c = 13.89 [9] . At λ c the fluctuations a 1,2 µ decouple thermodynamically. The effective coupling is given as e = e(λ) = a(λ)λ 3/2 /4π. For a ≪ 1 the coupling e is constant: e = √ 8π. In fact
then is a solution to Eq. (10). This plateau is reached rapidly for increasing λ, see figures in [9] . Linear growth of θ µµ : One has
A plot of the quantity θµµ Λ 4 is shown in Fig. 2 . Notice the linear growth. Asymptotically (λ ≫ λ c ) this linear rise can be shown to hold analytically. To this end let us consider the function
For a ≪ 1 (i.e. λ ≫ λ c ) we have [20] :
As a consequence, the function h = h(λ) becomes:
where Eq. (12) has been used. Thus h(λ) is approximately constant for a ≪ 1. The numerical behavior for the function h = h(λ) is plotted in the right panel of Fig. 1 . Notice that the asymptotic value h(λ) ≡ 3 2 is practically reached for λ ≥ 5 λ c . By virtue of Eq. (14) we have asymptotically (corresponding to the gray curve in the left panel of Fig 1) :
It is interesting that θ µµ splits as θ µµ = 6ρ gs = 4ρ gs + 2ρ gs where the first summand is the direct contribution of the ground state while the second summand arises from the massive modes a 1,2 µ . That is, the mass m = m(T ) behaves in such a way that fluctuations generate a linear contribution to θ µµ at high T .
Let us now compare our prediction for the slope with lattice results. To this end we relate the Yang-Mills scale Λ to the critical temperature T c as
where λ c = 13.89 has been used. Then we have asymptotically
In the work of [1] a value of T c = 0.290 GeV was used. Thus Eq. (19) asymptotically predicts θ µµ ≃ 1.7 T GeV 3 . Notice that according to our approach the slope increases from ≃ 1.4 GeV 3 to the asymptotic value 1.7 GeV 3 for 1.4 T c ≤ T ≤ 5 T c . Thus our prediction for the slope is in agreement with that of Miller [1] whose lattice simulation yields ∼ 1.5 GeV 3 (read off from his Fig. 1 ). In Ref. [3] a slope of ∼ 0.2 GeV 3 was obtained for the SU(2) case which also is in qualitative agreement with our result. Notice that the lattice simulations of [21] observes a linear behavior of θ µµ , too. The SU(3) case: Here the behavior of θ µµ is qualitatively similar to the SU(2) case. We only report on some relevant formulas and briefly discuss their consequences. The modulus of the scalar field φ is exactly the same. As shown in [9] out of the eight coarse-grained gauge modes four acquire a mass m 1 = e |φ| (contributing to ρ and p by ρ 1 and p 1 ), two a mass m 2 = 2e |φ| (ρ 2 and p 2 ), and two stay massless (ρ 3 and p 3 ). Explicitely, we have (a = m 1 /T ):
Eq. (9) assumes the following form:
The asymptotic solution to Eq. (24) reads a(λ) = 8 √ 3 π 2 λ −3/2 , and the effective coupling reaches a plateau value of e = 4 √ 3 π. The value for λ c is λ c = 9.475 [9] where the coupling and all masses diverge. The function h(λ), defined in (14), has an asymptotic value of 3/2 like in the SU(2) case. Thus the asymptotically linear behavior θ µµ = ρ − 3p = 24πΛ 3 T holds. Relating Λ to the critical temperature T c as in Eq. (18), we take into account the SU(3)-value λ c = 9.475. This yields:
As in Ref. [1] we set T c = 0.264 GeV and thus find θ µµ ≃ 0.4 T GeV 3 for T ≫ T c . In [1] a somewhat smaller slope of ≃ 0.2 GeV 3 is extracted. In [3] a slope of 0.63 GeV 3 was estimated.
Conclusions:
We have shown that the linear growth of θ µµ for high T is an analytic prediction of the approach to Yang-Mills thermodynamics [9] . This represents a nontrivial test of our approach. The latter involves an adjoint scalar field φ taking into account coarse-grained topological configurations residing in the thermal ground state. That is, even in the high-T limit the dynamics of these field configurations is important and can be detected by lattice simulations without the limitations inherent in finite lattice sizes. In both cases, SU(2) and SU(3), the slope of θ µµ has been evaluated in our approach and compared to the lattice results of Miller [1, 2] and to the work of Zwanziger [3] yielding good agreement.
